We propose a new approach to the fermion sign problem in systems where there is a coupling U such that when it is infinite the fermions are paired into bosons and there is no fermion permutation sign to worry about. We argue that as U becomes finite fermions are liberated but are naturally confined to regions which we refer to as fermion bags. The fermion sign problem is then confined to these bags and may be solved using the determinantal trick. In the parameter regime where the fermion bags are small and their typical size does not grow with the system size, construction of Monte Carlo methods that are far more efficient than conventional algorithms should be possible. In the region where the fermion bags grow with system size, the fermion bag approach continues to provide an alternative approach to the problem but may lose its main advantage in terms of efficiency. The fermion bag approach also provides new insights and solutions to sign problems. A natural solution to the "silver blaze problem" also emerges. Using the three dimensional massless lattice Thirring model as an example we introduce the fermion bag approach and demonstrate some of these features. We compute the critical exponents at the quantum phase transition and find ν = 0.87(2) and η = 0.62(2).
matrix. If this determinant can be shown to be always positive the sign problem is solved. We refer to Monte Carlo algorithms based on of this approach as conventional algorithms. Even when the sign problem is solved, these conventional algorithms can be inefficient since the problem becomes completely non-local in the system size. One well known problem is that often the fermion matrix develops a large number of small eigenvalues. In these cases the algorithms slow down substantially with system size. In practical calculations, the small eigenvalues of the fermion matrix are controlled by the addition of new couplings to the theory which are then extrapolated to zero to extract physical answers. This introduces systematic errors which cannot easily be controlled. Finally, and most importantly, when the determinant is not positive, little insight can be gained about the fermion sign problem itself. In contrast to the auxiliary field method, the meron cluster method is based on cleverly rewriting the partition function as a sum over configurations that naturally divide the physical system into clusters or regions so that the sign problem is solved by re-summing configurations within each region. Due to the cleverness involved, the method is not widely applicable. On the other hand whenever it works, large system sizes can be studied more easily since the problem breaks up the system into smaller regions and one does not have to consider the entire system size to solve the fermion sign problem. In particular lattices of the order of 128 × 128 have been solved using this method [13] . Additional couplings to control the efficiency of the algorithm become unnecessary.
In this work we propose a more general approach to the fermion sign problem based on the underlying physics. In a sense we extend the meron cluster idea by combining it with the determinantal trick to solve the fermion sign problem in a wider class of theories. The essential idea is that many fermionic theories contain a coupling, which we will call U, such that when U = ∞ the fermions become paired into bosons and the partition function is naturally written with positive definite Boltzmann weights. In other words there is no fermion sign to worry about. When the coupling is large but not infinite, fermions become unpaired but remain confined to small regions which we refer to as fermion bags. The fermion sign problem is then confined to these bags and can sometimes be solved using the usual determinantal trick. When the bags remain small, the computational effort to solve the sign problem does not grow with the system size just like the meron cluster approach. Thus, Monte Carlo methods for these problems can be far more efficient than algorithms which do not take this physics into account. As the coupling reduces further the fermion bags merge and begin to grow with the volume. In this region the fermion bag approach loses its main advantage and suffers form similar slowing down as the auxiliary field methods.
However, it is useful to remember that at small couplings perturbation theory is usually a good approach and the recently proposed diagrammatic Monte Carlo method may be a better approach for small and moderate values of the couplings [14] .
The main message behind the fermion bag idea is the following: When fermions are delocalized over the whole system, the increased computational cost associated to dealing with fermionic degrees of freedom is natural. But it is definitely unnatural in the regime where fermions are confined to small regions. The auxiliary field method to the fermion sign problem does not make use of this underlying physical picture. The similarity of the fermion bag approach to the meron cluster approach is striking: The bags, like the clusters, do not occupy the whole volume and makes the computational effort somewhat reduced. In addition, as we will discuss in this work, new insights and solutions to the fermion sign problems emerge. The fermion bag idea was first discussed in [9] .
Our article is organized as follows. In section 2 we illustrate the ideas outlined above concretely using a simple but relatively less studied example of the massless lattice Thirring model constructed with a single flavor of staggered fermions. In particular we contrast the fermion bag approach with the auxiliary field method. In section 3, we introduce a fermion chemical potential and discuss how the silver-blaze problem [15] , present in the auxiliary field method, is naturally solved in the fermion bag approach. In section 4, we given an example of a sign problem which seems unsolvable in the auxiliary field formulation but is solvable in the fermion bag approach. In Section 5 we discuss update algorithms for the massless Thirring model in the bag formulation.
In Section 6, we discuss the fermion bag distribution in the massless Thirring model. In particular we show that the typical fermion bag size does not grow with system size for U 1.2. In section 7, we discuss some results obtained using the bag approach in the massless Thirring model and in section 8, we discuss the quantum critical behavior. Section 9 contains our conclusions where we argue that the fermion bag approach is rather general and must be applicable to many lattice field theories. In particular we show how similar ideas may be adapted to the physics of the BCS-BEC crossover.
II. THE FERMION BAG APPROACH
Although the fermion bag approach is applicable to a wide class of problems in any dimension, it is useful to understand the details in the context of a simple model. Here we introduce the 4 fermion bag approach using the example of the massless lattice Thirring model with one flavor of staggered fermions on a three dimensional cubic lattice. The action is given by
where the matrix D is the free staggered Dirac operator given by [16] 
In our notation x ≡ (x 1 , x 2 , x 3 ) denotes a lattice site on a 3 dimensional cubic lattice of size L 3 , ψ x and ψ x , are Grassmann valued fields and α = 1, 2, 3 runs over the three positive directions.
The staggered fermion phase factors η x,α = exp(iπζ α · x) are defined through the 3-vectors ζ 1 = (0, 0, 0), ζ 2 = (1, 0, 0) and ζ 3 = (1, 1, 0). We also define the phase ε x = (−1)
The main feature of the model is that it contains massless fermions interacting with each other
Indeed it is easy to check that the action is invariant under the usual fermion number U f (1) transformations: ψ x → exp(iθ)ψ x and ψ x → exp(−iθ)ψ x , and the chiral U χ (1) transformations: ψ x → exp(iε x θ)ψ x and ψ x → exp(iε x θ)ψ x .
When U = 0 the model describes free massless Dirac fermions. At infinite U, all fermions are confined and the model reduces to a hardcore dimer model made up of paired fermions and the low energy physics is in the same universality class as the XY model in its broken phase [17] . Hence at some critical value U c the model undergoes a quantum phase transition. This model and its variants have been studied earlier with the auxiliary field method [18, 19, 20, 21, 22, 23, 24, 25, 26] .
However, none of the earlier calculations were performed in the massless limit due to algorithmic difficulties. Here we use the fermion bag approach to tackle the massless limit for the first time.
The partition function of the model is given by
where the integration is over the Grassmann fields. In the determinantal approach one uses the Hubbard-Stratanovich transformation to convert the four fermion coupling into a fermion bi-linear at the cost of introducing an integral over an auxiliary bosonic field. It is easy to verify that
where M[φ] is given by
The auxiliary field φ α (x) is integrated over the angles 0 ≤ φ µ (x) < 2π. Integrating over the Grassmann variables first we can obtain
The matrix M is anti-Hermitian and so its eigenvalues are purely imaginary. Further, it anticommutes with the matrix Ξ x,y = ǫ x δ x,y which means that if λ is an eigenvalue then so is −λ. How is the fermion bag approach different? Instead of introducing an auxiliary field to rewrite 6 the four-fermion term as a fermion bi-linear, we begin with the partition function given by
and expand it in powers of U using
The Grassmann integration then gives
where n x,α = 0, 1. The n x,α = 1 bonds are referred to as dimers. Note that in this approach the 
Thus, we see that fermions have become classical objects when they are considered as non-local objects in the form of bags. For this reason we call our method as the fermion-bag approach. The size, the shape and other properties of these bags encode the fermion physics.
Let us now discuss the effort required to generate a statistically independent configuration in the fermion bag approach using a specific algorithm discussed later in section V. In our algorithm, effort of obtaining a statistically independent configuration is then of the order N B N CG L 3 . Here we assume that one sweep through the lattice is sufficient to generate such a configuration. This is almost true due to the availability of a directed path update (see section V). When U is large, the bags are small comprising of a few neighboring bonds and thus independent of the volume.
Although each local update can be difficult the computational cost of a local update (N B N CG )
does not grow with the volume. This makes the fermion bag approach far more efficient for large system sizes compared to the determinantal approach. The former scales as N B N CG L 3 while the latter scales as L 7 as discussed earlier.
When U is small the bags can percolate and become as big as the system size. Here we expect
On the other hand since the fermions are almost free, the matrix inversion using the conjugate gradient algorithm becomes easy. we find that N CG ∼ L and hence the overall effort now grows as L 7 . On the other hand the auxiliary field method based on the HMC algorithm scales as L 5 and so is clearly superior. It may be interesting to explore a HMC type algorithm in the fermion bag approach if possible so as to combine the good features of both. But this is not the focus of the current work. Further, as mentioned earlier, at small U the diagrammatic Monte Carlo algorithm may be the best option [14] .
At intermediate values of U, especially close to the phase transition, the HMC most likely continues to scale as L 7 or worse due to critical slowing down. On the other hand the scaling of 8 the bag algorithm is more tricky and needs to be studied carefully. We find three reasons to remain optimistic: (1) The bags of all sizes exist in the simulation so some updates are much faster, (2) The matrix W B x is the free matrix except for mesoscopic fluctuations coming from the boundaries of the bag. Hence N CG may scale favorably in the bag approach, (3) The existence of the directed path algorithm to update variables outside the bag may eliminate a lot of the critical slowing down.
More research is necessary to compare the two algorithms in the intermediate U region.
III. SOLUTION OF THE SILVER BLAZE PROBLEM
The fermion bag approach also offers new insights into sign problems. Here we discuss a simple resolution of the so called silver blaze problem, a general paradox related to sign problems that arises in the auxiliary field method in the presence of a fermion chemical potential [15] . Before we discuss how the fermion bag approach solves this problem, let us first review its origin in the current context of the massless lattice Thirring model.
In the presence of a chemical potential µ, the Dirac operator given in Eq. (2) changes to
In the auxiliary field method the four-fermion term is again converted to a fermion bi-linear using the Hubbard Stratanovich transformation and the partition function is again given by Eq. (6), except that the matrix M[φ] is now given by
Unfortunately, the properties that we used to argue that Det(M[φ]) ≥ 0 are no longer valid when µ = 0. Indeed the determinant can be negative as soon as µ = 0 for all values of U. This is the well known sign problem in the presence of a chemical potential.
Consider large values of U where the fermions become massive due to chiral symmetry breaking. In this phase the chemical potential should have no effect on the ground state of the system until a critical chemical potential is reached. This means, for low temperatures a small chemical potential must have little effect on the physics. However, the sign problem does not respect this mild behavior with respect to the chemical potential. The sign problem becomes severe as soon as the chemical potential is non-zero at small temperatures. This paradox has been called the silverblaze problem [15] . The auxiliary field method offers almost no explanation for this paradox, except the fact that the cancellations due to the sign problem are crucial to get the right physics. For small U when the fermions are massless, temporal winding bags proliferate and the fermion bag approach also suffers from a severe sign problem in the presence of a chemical potential. We do claim to have a solution to this sign problem in the case of a single flavor of staggered fermion.
However, in the next section we argue that the fermion bag approach allows us to solve this sign problem with an even number of flavors.
IV. NEW SOLUTIONS TO SIGN PROBLEMS
The fermion bag approach also offers new solutions to some seemingly unsolvable sign problems. In order to appreciate this consider the action of the N flavor model given by the action
where ψ x is an N-component column vector and ψ x is an N-component row vector. This action is invariant under a U(N) × U(N) symmetry. The partition function in the auxiliary field method turns out to be
where the matrix M[φ] is the same as the one-flavor model given in Eq. (12) . Since the
is a general complex number in the presence of a chemical potential, its Nth power remains complex for all N. Unfortunately, this sign problem remains unsolved within the fermion bag approach as well. On the other hand consider the model given by the action
This action is again invariant under the same U(N) × U(N) chiral symmetry. In the auxiliary field method one will need many auxiliary fields to convert the 4N-fermion term to a bi-linear. Further, even with these additional fields, it is difficult to see why the determinant of the fermion matrix that will arise will be positive for any value of N for the same reasons outlined above. On the other hand in the fermion bag approach this modified model is described by the partition function
Since Det(W [n]) is real, there is no sign problem with even N. Thus, the fermion bag approach is able to solve a sign problem that seems unsolvable with the auxiliary field method. In this context we must point out that there are indeed other actions that are invariant under U(N) × U(N) symmetry whose partition functions can be written without a sign problem using the auxiliary field method for even values of N.
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V. THE MONTE CARLO METHOD
In order to solve the massless Thirring model using the fermion bag approach, in this section we discuss two update algorithms: (1) Local Heal Bath, and (2) Directed Path algorithm. For generality we discuss these algorithms for any dimension d, although the current work is focused on d = 3. We will argue that these two update algorithms together provide an efficient way to solve the problem for U 1.2. When 0.2 < U < 1.2 these algorithms do slow down dramatically, however they continue to provide a useful way to solve the problem. The configurations are described by n x,α = 0, 1 bond variables. A dimer is represented by n x,α = 1. We will assume that α can take any of the 2d values: α = ±1, ±2, ... ± d, where the negative signs indicate negative directions. This means n x,α ≡ n x+α,−α . For convenience we also define site variables m x = 0, 1. A monomer is represented by m x = 1. To begin with we set m x = 0 at all sites. It is useful to remember that a site x that belongs to a fermion bag should have both m x = 0 and n x,α = 0, ∀α. The parity of a site x is defined as ε x = (−1)
A. Local Heat Bath
The first update we discuss creates and destroys dimers. This is accomplished with a local heat update. The exact update is as follows:
1. Pick a site x at random on the lattice. 4. We pick α with probability
5. If α = 0 we set n x,α = 0 for all values of α and stop. Otherwise we set n x+α = 1 and others to zero then stop.
We define a sweep as consisting of (L/2) 3 local heat updates updates.
The most time consuming step of this local heat bath update is the computation of we declare that configuration to have an exact zero mode. This method appears to work reliably.
B. Directed Path Update
The second update preserves the number of dimers but moves them around. This update is similar to the directed path update discussed in [28] and reduces to it in the limit of large U. The philosophy behind it is similar to the worm algorithm [29] . The update is as follows:
1. Pick a site x at random.
2. If n x,α = 0, ∀α the update stops. If not we label x and all sites with the same parity as active sites. The sites with the opposite parity are labeled as passive sites. We then perform either an active or a passive update depending on our current site as discussed below. After each update we move through the lattice according to the rules of the update until we return to the first site, where the update ends.
Active Update: If we are on an active site x, we do one of four things depending on the configuration on the site.
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(a) If x is the first site such that m x = 0 and n x,α = 1, then we set n x,α = 0 and m x = 1 and m x+α = 1. In other words we break a dimer into two monomers. The update then moves to the site x +α.
(b) If x is not the first site such that n x,α = 1 and we just came to the site from the previous site x +β, then we set n x,β = 1, m x+β = 0 and m x+α = 1. The update then moves to the site x +α.
(c) If x is not the first site such that n x,α = 0 for all the values of α and we just came to the site from the previous site x +β, then we pick a direction γ with probability P γ (x)
to be discussed below. We set m x+β = 0 and m x+γ = 1. In other words we move the monomer from the site x +β to x +γ.
(d) If x is the first site such that m x = 1 and n x,α = 0, then we would have returned to it from the neighboring site x +β such that m x+β = 1. We then set m x = 0, m x+β = 0
and n x,β = 1. The update then ends.
Passive Update: If we are on a passive site x then we must have m x = 1. We pick one of the 2d + 1 directions α including 0 at random. If α = 0 the update remains on the same site, we get a contribution to the two-point correlation function discussed below. If α = 0 the update moves to the neighboring active site x +α.
Let us now discuss the probability P γ (x) on an active site x such that n x,α = 0 for all values of α and such that m y = 1 where y = x +β. The site x is associated to a fermion bag say B x . Note that the passive site y is not in the bag. Let x0 be another active site which is not in the bag, but contains a neighboring site which is in the bag. Thus, both x0 and y "touch" the bag B x but are not a part of it. Let us extend the bag to include both y and x0 call the extended bag B x,x0,y . The probability P γ is then given by
where
It is possible to show that while ω z depends on x 0 , P γ does not.
Further, if x +γ does not belong to the bag B x,x0,y P γ (x) = 0.
The most time consuming step in this update is the computation of the probabilities P γ (x) on an active site x. Fortunately, as long as the fermion bags are not disturbed ω y does not change on any site y inside the bag. So P γ (x) is then simple to compute. However, if the fermion bag is disturbed the extra effort in computing the inverse is necessary. For large values of the U the bags are small and the effort does not grow with the volume.
During the passive update on there is a probability to remain on the same site. This can be shown to be the correct probability to create a monomer at that site along with another monomer at the first site. Hence it contributes to the two point correlation function
Thus, we can compute this correlation function during this update. Here we use this to compute the susceptibility. We have tested the algorithm against exact calculations on a small lattice and the results are given in the appendix.
VI. DISTRIBUTION OF FERMION BAGS
Fermion bags encode the fermionic physics, understanding their properties is an important that the critical point where the fermion becomes massless is roughly around U ∼ 0.25 [22] we think that the scale M is not the mass of the fermion. We postpone the study of its origin to a later publication.
In Fig. 4 the bag distribution is shown for many values of U at L = 8. We see that distribution changes qualitatively when U becomes small. Instead of decaying exponentially with size, a bump develops in the bag distribution at a value of S of about half the system size. The position of the bump then begins to grow till it becomes as big as the system size for very small U. This is easily understandable. As U reduces the bags merge so that now the whole lattice becomes one large bag with small regions of confined (or paired) fermions which in a sense form "dual bags".
It is useful to define a typical size of a fermion bag as the size of the bag that one encounters on an average during the update. More precisely we pick a site at random and define S τ as the size of the bag associated to that site. We can then average it over the ensemble of the configurations generated. It is easy to argue that
where S B is the size of the bag B and the sum is over all the bags in a given configuration. In 
VII. RESULTS IN THE MASSLESS THIRRING MODEL
In this section we present some results obtained using the fermion bag approach in the massless Thirring model with one flavor of staggered fermions in three dimensions. We focus on the following three observables:
1. Chiral condensate susceptibility:
Here the factor U ensures that in the U = ∞ limit the chiral condensate Σ is finite.
2. Fermion charge susceptibility:
Here S and S ′ are two different two-dimensional surfaces perpendicular to the direction α and
is the conserved fermion current. In the bag formulation one can show that
where D −1 is the inverse of the free Dirac operator inside the bag containing all the four points x, y, x + α, y + α. If any of these points is not part of the bag then the corresponding contribution is set to zero. It is easy to check that Q 2 f defined here is independent of the surfaces chosen on every bag configuration.
3. Chiral charge susceptibility:
where the notation is the same as for the fermion charge susceptibility, except the conserved chiral current is given by
On every bag configuration let us define
where S(B) is the set of sites on the two-dimensional surface S which belongs to some fermion bag while S(C) are the remaining set of sites on the surface. For a given bag configuration we find that q χ is also independent of the surface. Further
where the average is over the fermion bag configurations generated.
For large values of U chiral symmetry is broken spontaneously and fermions acquire a mass.
Chiral perturbation theory predicts that [30] ,
and that Q 2 f goes to zero exponentially. The parameters ρ s , Σ, a and b are the low energy constants and can be determined from fitting the data. The constant ρ s is a mass scale and plays the role of F π in four dimensional chiral perturbation theory. The chiral condensate in the chiral limit is given by Σ. The factor 4 in the expression for q 2 χ is not standard. However in our definition the charge q χ takes only even values at U = ∞ and so ρ s will not be properly normalized without this factor. For small values of U chiral symmetry is restored, but due to the presence of massless fermions we expect
For free staggered fermions (i.e., when U = 0 ) we find χ 0 ≈ 1.01093 and γ 0 ≈ 0.37085 while
Our data are consistent with these expectations qualitatively for both large and small values of U. In Fig. 6 we plot the three observables scaled appropriately as a function of L for different values of U (left plots) and for L = 8, 12 as a function of U (right plots). We see that there the finite size scaling changes abruptly between U = 0.2 (symmetric phase) and U = 0.3 (broken phase). In particular Σ and ρ s are non-zero for U ≥ 0.3, but vanish for U ≤ 0.2. On the other hand Q 2 f remains non-zero when U ≤ 0.2 and begins to drop significantly when U ≥ 0.3. Thus, there is a clear phase transition in the model somewhere between these two couplings. We will study this quantum phase transition quantitatively in the next section.
Quantitatively, we can fit our data to expectations from chiral perturbation theory only for U ≥ 1.2 where the fermion bag approach allows us to go to large volumes. Typically we have found that the fits to the finite size scaling forms given in Eq. (30) The values of the low energy constants that give good fits for U ≥ 1.2 are given in table I. We observe that a change from U = ∞ to U = 1.2 leads to only about 7% change in the mass scale ρ s and about 10% change in the chiral condensate. This again shows that the effort of conventional determinantal methods is unnecessary and the fermion bag approach is the better method in this range of couplings. For small values of U, in the symmetric phase, the fermion bag approach slows down considerably. Hence we have been able to perform calculations only up to L = 20. In (30) obtained by fitting the data. In the fits of χ the coefficient b was set to zero and ρ s was fixed from the second column. The data in the range 16 ≤ L ≤ 32 were used for fits of q 2 χ while the range 8 ≤ L ≤ 32 was used for χ. While our data fits to the expected finite size scaling forms even for small U, due to the small system sizes used in the calculations we do not claim to be able to extract the L dependence reliably except for the free theory. In particular we expect large systematic errors in the determination of the coefficients shown in table II. In fact we have used the free theory to guide our fits. For example it is tempting to associate γ 0 = 0.370840.. to a universal constant for free massless fermions. It is likely that this does not change with U since we expect that the infrared physics to be that of free massless fermions. The small change that we observe in our fits perhaps is due to systematic errors associated to fitting the data at smaller lattice sizes. Further work is clearly necessary to reliably understand the small U regime.
VIII. QUANTUM PHASE TRANSITION
We next focus on the quantum phase transition in the model. This transition has already been studied earlier using mean field theory [18] , auxiliary field method [21] and through a formulation as a strongly coupled U(1) lattice gauge theory with scalar fields [18, 23] . In the latter two studies, algorithmic difficulties forced the use of a non-zero fermion mass. This usually makes the study of finite size scaling close to a second order transition more tricky since the fermion mass introduces a new length scale. However, by making a judicious choice of the scaling relations, both these studies concluded that the transition was consistent with a second order transition. The critical coupling was estimated to be U c = 0.25(1) [21] and U c = 0.28(1) [23] , while the critical exponents were determined to be δ ≈ 2.5(4), β ≈ 0.71 (9) [21] and δ ≈ 3.1(3), ν ≈ 0.88(9) [23] . For comparison, mean field theory in d = 3 predicts U c = 0.177(6), δ = 2 and β = 1 [18, 31] .
The errors we quote here include systematic errors estimated from the different fitting procedures used in the previous work. In the present work we estimate these parameters again in the fermion bag approach.
One main difference as compared to the previous work is that we work with exactly massless fermions which helps with a clean finite size scaling analysis. Assuming the transition to be a conventional second order phase transition we expect
A combined fit of our data to these relations give the following results:
0.62 (2) we estimate β ≈ 0.71(4) and δ ≈ 2.70(4). While, these results are in complete agreement with the earlier work, our values seem more accurate. One obvious caveat is that our results are also obtained on rather small lattices compared to what is available in bosonic models. Thus, we may be underestimating some systematic errors. On the other hand we have exactly massless fermions so some of the fitting procedures are cleaner. In any case accurate results on larger lattices are desirable to confirm these findings.
It was pointed out in [32] that the Thirring model is different from the Gross-Nevue (GN) model in many ways. However, recent work suggests that the two models may be equivalent close to the quantum critical point and that studies in both these models are relevant to the physics of graphene [33, 34] . The critical exponents in a lattice GN model with a U f (1) × Z 2 symmetry with staggered fermions have been computed and it was found that ν = 1.00(4) and η = 0.754(8) [35] .
These critical exponents have also been obtained from other techniques [36, 37] and they clearly appear to be different from what we find above. However, since the lattice symmetries are different between the two models, the critical behavior may fall under different universality classes. The critical behavior with a continuous U f (1) × U χ (1) GN model was studied in [38] . It was found that ν = 1.02(8) and β = 0.89(10) which also seem to be different from our results but only at the 2-σ level. More work is necessary to clarify the issue of whether the GN model and the Thirring 25 model have the same critical exponents.
IX. DISCUSSION AND CONCLUSIONS
In this work we have introduced a new approach to the fermion sign problem which we call the fermion bag approach. The essential idea behind the new approach is to recognize that fermionic degrees of freedom are usually contained inside dynamically determined space-time regions (bags). Outside these regions they are hidden since they become paired into bosonic objects. Then it is likely that the sign problem is localized to the regions inside these bags and may be solved using determinantal tricks. Such a scenario is clearly natural in systems where there is a coupling U such that when U is infinite all the fermions are paired up and there is no sign problem.
Then as U becomes finite, the the fermions are liberated out but are confined to bags. In such systems, if the sign problem is contained within the bags and can be solved, then there will be regions in parameter space where the bags do not grow with the volume. In these regions of parameter space it should be possible to construct Monte Carlo algorithms which are far more efficient than conventional algorithms. In this work we showed an explicit example of a lattice field theory, namely the massless lattice Thirring model, where all these features are realized. In particular we developed a Monte Carlo algorithm and showed that it is efficient for large couplings as expected.
For smaller couplings the efficiency of the algorithm was lost, but still the fermion-bag approach continued to provide an alternative approach to the problem. In particular we could determine the critical exponents near the quantum phase transition present in the model with reasonable effort.
While the fermion bag approach loses its main advantage when the bags begin to merge and the fermions are delocalized in the entire space-time volume, it still provides new insights into the sign problem itself. For example we explained in this work, how a natural solution to the silver blaze problem emerges within this approach. Further, we also showed that new solutions to sign problems emerge. Although the discussion in this work focused on a single model, the idea behind the fermion bag approach is more general and must be applicable to other lattice field theories when formulated cleverly. As an example below we sketch how one can formulate a model to study the physics of the BCS-BEC cross over in the fermion bag approach.
Let 
Note that the action is invariant under SU(2) spin symmetry and U(1) fermion number symmetry as required.
The partition function is given by Z =
x,t,s
[dψ x,t,s dψ x,t,s ] exp(−S). Based on the above reasoning we believe we have uncovered a somewhat unconventional approach to fermionic field theories which may prove to be a powerful alternative, especially when the coupling strengths are large and where perturbation theory is expected to fail.
APPENDIX A: ALGORITHM VERSUS EXACT RESULTS
In this section we present some exact results on a 2 3 lattice and compare them with the results from the algorithm in order to test the algorithm. 
The average number of bonds is given by
where we have normalized it so that for large U it approaches one. The typical bag size is given by S τ = 1 Z (648 + 972U + 600U 2 + 144U 3 )
The condensate susceptibility is obtained from configurations with two monomers. These along with their degeneracy factors, bag determinants and Boltzmann weights are given in 
